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1. Introduction
Let Q be the rational numbers. For an algebraic number field k of finite degree, C(k)
and h(k) denote the ideal class group and the class number of k, respectively. Let exp(C(k))
be the exponent of C(k). As for the class number of certain real quadratic field k, H. Yokoi
[9], using the fundamental unit ε > 1 of k, proved the following theorem.
THEOREM 1.1 ([9, Theorem 2 and 3]). For any prime p congruent to 1 mod 4, let
a, b denote the integers satisfying a2 + 4 = bp2(0 < a < p2). Let n  0 be an integer
and let m = p2n2 ± 2an + b. Then, there exists an integer D0(p) such that if m has no
square factor except 4, and if m  D0(p), the fundamental unit εm > 1 of Q(
√




[(p2n ± a) + p√m]/2 · · · m : square − free ,
(p2n ± a)/2 + p√m/4 · · · otherwise ,(i)
and the norm of εm is equal to −1. Furthermore, if n > 4p, m  D0(p) and m has no
square factor except 4 and if p splits in Q(
√







− δ log 4
log p
− 2 > 1 ,(ii)
where δ = 1 if m is even and 0 otherwise.
In this paper we extend (ii) of Theorem 1.1 as follows.
THEOREM 1.2. Let c > 1 be an integer such that any prime factor of c is congruent
to 1(mod 4), and let a, b denote integers satisfying a2 +4 = bc2. Let n be a positive integer
and p a prime number satisfying c2n ± a > 4c2p, and set m = c2n2 ± 2an + b. Assume
that m has no square factor except 4 and p splits in Q(
√







− δ log 4
log p
− 2 log c
log p
> 1 ,
where δ = 1 if m is even and 0 otherwise.
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REMARK. In Theorem 1.2 we do not need the conditions c = p, 0 < a < p2 and
m  D0(p).
As for the class number of a real quadratic field, S.-D. Lang [4] proved the following
theorem.
THEOREM 1.3. If m = [(2n + 1)q]2 + 4 is a prime, where q is an odd prime and n
is a positive integer, then h(Q(
√
m)) > 1.
In this paper we prove the following theorem, which is a quantitative version of The-
orem 1.3.
THEOREM 1.4. If m = [(2n + 1)q]2 + 4 is a square-free integer, where q is an odd








REMARK. From the proof of Theorem 1.1 we can see that the following assertions
hold.
(i) If m ≡ 1(mod 2) in Theorem 1.2, then m is a square- free integer and m − 4 is
not square for any positive integer n except at most a finite number.
(ii) If m ≡ 0(mod 2) in Theorem 1.2, then m/4 is a square-free integer and m/4 − 4
is not square for any positive integer n except at most a finite number.
There are 303 primes less than 2000. Among such primes, there are 264 primes p such
that h(Q(
√
p)) = 1. This observation suggests that primes p satisfying h(Q(√p)) = 1




On the other hand, one can ask how the class number of a real quadratic field can be
large. To give precise statements, for any positive integer r we define Nr to be the set of
positive integers that are products of r distinct prime numbers.
We will consider the following conjectures:








Both conjectures are open at present. In [8] we showed that at least one of those con-
jectures is true. In this paper we show the following theorem, which can be also regarded
as a partial solution to those conjectures.
THEOREM 1.5. For any given odd prime q, there exist infinitely many pairwise
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Now, let us consider the class number h+(m) of the maximal real subfield Q(ζm+ζ−1m )
of the m-th cyclotomic field, where ζm denotes a primitive m-th root of unity. S.-D. Lang
[4], using Theorem 1.3, proved the following theorem.
THEOREM 1.6. If m = [(2n + 1)q]2 + 4 is a prime, where q is an odd prime and n
is a positive integer, then h+(m) > 1.
In [6] we showed the following theorem, which can be regarded as a partial general-
ization of Theorem 1.6.
THEOREM 1.7. If m = [(2n+ 1)q]2 + 4 is a square-free integer, where q is an odd
prime and n is a positive integer such that 2n + 1 = q , then h+(m) > 1.
We said “a partial generalization” because we have assumed that 2n+1 = q . Unfortu-
nately, the condition on n is indispensable. Indeed, in the case of m = 85(2n+ 1 = q = 3)
we have h+(85) = 1.
In this paper we prove the following theorem, which is a quantitative version of The-
orem 1.7.
THEOREM 1.8. If m = [(2n+ 1)q]2 + 4 is a square-free integer, where q is an odd
prime and n is a positive integer, then






Furthermore, if m is a prime, then






Moreover we prove the following theorem.
THEOREM 1.9. Let c > 1 be an integer such that any prime factor of c is congruent
to 1(mod 4), let a, b denote integers satisfying a2 + 4 = bc2 and let p be an odd prime.
Furthermore, set m = c2n2 ±2an+b for any positive integer n satisfying c2n±a > c2p2.
Then, if m is a square-free integer and p splits in Q(
√
m), we obtain








As for the class number h+(p) for small primes p, F. van der Linden [5] showed the
following theorem.
THEOREM 1.10. Let p be a prime number.
(i) If p  67, then h+(p) = 1.
(ii) If we assume the generalized Riemann hypothesis for the zeta function of the
Hilbert class field of Q(ζp + ζ−1p ), then h+(p) = 1 for p < 163 and h+(163) =
4.
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The largest prime p for which h+(p) is known is p = 67, and it is not known at
present whether h+(71) = 1 or not. However, it seems widely believed that there exist
infinitely many primes p such that h+(p) = 1.
Quite similarly as in the case of real quadratic fields, one can consider the following
conjecture.
CONJECTURE C. For any integer n > 0, there are infinitely many p ∈ N1 such that
h+(p) > n.
Conjecture C is open at present. G. Cornell and L. C. Washington [1] showed the
following theorem.
THEOREM 1.11. Let  be a positive integer. If m has four distinct prime factors
congruent to 1(mod 4), then 2 divides h+(m).
In the same way as in the proof of Theorem 1.11, we can easily show the following
theorem.
THEOREM 1.12. For any given integer n > 1, there exist infinitely many pairwise
prime integers m ∈ N3 such that
exp(C(Q(ζm + ζ−1m )))  n .
In this paper we strengthen Theorem 1.12 as follows.
THEOREM 1.13. For any given odd prime q , there exist infinitely many pairwise
prime integers m ∈ N2 such that






2. Proofs of Theorem 1.2, Theorem 1.4 and Theorem 1.5
To prove Theorem 1.2 and Theorem 1.4, we need the following lemma.
LEMMA 2.1. Let m > 1 be a square-free integer and let F = Q(√m). Let p be a
prime such that p splits in F and let ε = (t + u√m)/2 be a unit of F, where t and u are
positive integers. Then if the norm of ε is equal to −1, that is, t2 − u2m = −4, we obtain
exp(C(F ))  log t
log p
− 2 log u
log p
.
Proof. Since p splits in F, we have that (p) = ßß′ and ß = ß′, where ß and ß′ are
prime ideals in F. Now we assume that ßs ia a principal ideal in F for some positive integer






and x ≡ y(mod 2) .
Here, we remark that y can not be zero, since otherwise, we have ßs = ß′s , which con-
tradicts ß = ß′. We take y > 0 as small as possible. Define μ = ±1 by x = μ|x|. Let
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ε = (−μt + u√m)/2. Since ε is a unit of F, we have
ßs =
(










Since |u|x| − yt|/2 is a positive integer, it follows from the minimality of y that
|u|x| − yt|  2y .
Hence either u|x| − yt  2y or −u|x| + yt  2y. If u|x| − yt  2y, then
±4u2ps = u2x2 − u2y2m  y2(t + 2)2 − u2y2m = 4ty2  4t .
On the other hand, if −u|x| + yt  2y, then
±4u2ps = u2x2 − u2y2m  y2(t − 2)2 − u2y2m = −4ty2  −4t .
Therefore in each case 4u2ps  4t , that is, ps  t/u2. Hence we have
s  log t
log p
− 2 log u
log p
.
From the above argument, we see that
exp(C(F ))  s  log t
log p
− 2 log u
log p
.
This completes the proof. 
Proof of Theorem 1.2. Let F = Q(√m). First we consider the case where m is a
square-free integer such that m > 1. Since p splits in F and ε = (c2n ± a + c√m)/2 is a
unit of F with norm −1, Lemma 2.1 shows that
exp(C(F ))  log(c
2n ± a)
log p






− 2 log c
log p
.
If c2n ± a > c2p, then
log(c2n ± a)
log p
− 2 log c
log p
> 1 .
It follows that exp(C(F )) > 1 provided that c2n ± a > c2p.
Next, we consider the case where m is an even integer such that m/4 is square-free
and m/4 > 1. Since p splits in F and ε = (c2n ± a)/2 + c√m/4 is a unit of F with norm
−1, Lemma 2.1 shows that













− 2 log c
log p
> 1 ,
if c2n ± a > 4c2p. This completes the proof. 
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Proof of Theorem 1.4. Let F = Q(√m). Since m ≡ 4(mod q), q splits in F. Since
ε = ((2n+ 1)q +√m)/2 is a unit of F and the norm of ε is equal to −1, Lemma 2.1 shows
that







This completes the proof. 
To prove Theorem 1.5, we need the following lemma.
LEMMA 2.2. Let G(x) = ax2 + bx + c be an irreducible polynomial with a > 0
and c ≡ 1 (mod 2).Then there exist infinitely many integers n such that G(n) is either a
prime or the product of two primes.
Proof. See Iwaniec [2]. 
Proof of Theorem 1.5. Let m = [(2n + 1)q]2 + 4, where q is an odd prime and n is
a positive integer. Then Lemma 2.2 shows that there exist infinitely many integers n such
that m has at most two different prime factors. It is easy to see that any prime factor of m
is congruent to 1 (mod 4). Let c = q2 + 4 and put
G(x) = [2(cx + 1) + 1]2q2 + 4 = 4q2(cx + 1)(cx + 2) + c .
By Lemma 2.2 for the quadratic polynomial G(x), there exists an integer n1 such that
m1 = G(n1) ∈ N1 ∪ N2. Since (2q, c) = 1, we have that (m1, c) = 1. Let
F(x) = (2m1x + 1)2q2 + 4 = 4q2m1x(m1x + 1) + c .
Since (m1, c) = 1, there exists an integer a such that m1a ≡ 1 (mod c) and (a, c) = 1.
Let
H(x) = 4q2m1(cx + a){m1(cx + a) + 1} + c .
By Lemma 2.2 for the quadratic polynomial H(x), there exists an integer n2 such that m2 =
H(n2) ∈ N1 ∪ N2. Since (m1, c) = 1, we have that (m1,m2) = 1. Since (2qm1a, c) =
1, we have that (m2, c) = 1. Repeating the same argument, we obtain infinitely many
integers l1, l2, . . . such that mi = [(2li + 1)q]2 + 4 ∈ N1 ∪ N2 and (mi,mj ) = 1(i = j).
Since
√
m − 4 = (2n + 1)q , Theorem 1.4 shows that there exist infinitely many pairwise








This completes the proof. 
3. Proofs of Theorem 1.8, Theorem 1.9 and Theorem 1.13.
For a finite abelian group G and an integer m, Gm denotes the subgroup of G consist-
ing of m-th powers of the elements of G.
To prove Theorem 1.8 and Theorem 1.9, we need the following lemma.
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LEMMA 3.1. Let q be a prime and let k/Q be a real cyclic extension of degree q .
If m is the conductor of k, then C(Q(ζm + ζ−1m )) has a subgroup which is isomorphic to
C(k)q .
Proof. See [7, Main Theorem]. 
Proof of Theorem 1.8. Let K = Q(√m) and let L = Q(ζm + ζ−1m ). By Theorem






Since [K : Q] = 2, Lemma 3.1 shows that C(L) has a subgroup which is isomorphic to
C(K)2. This shows that





If m is a prime, class field theory shows that the norm map from C(L) to C(K) is
surjective. So we have





This completes the proof. 
REMARK. Putting 2n + 1 = q in Theorem 1.8, we have Theorem 1.7. Indeed, if
2n + 1 = q , there exists an odd prime r such that (2n + 1)q/r is an integer and r <























Hence putting 2n + 1 = q in Theorem 1.8, we obtain h+(m) > 1.
Proof of Theorem 1.9. Since m is a square-free integer, we can easily see that m > 1
and m ≡ 5(mod 8). Let K = Q(√m) and let L = Q(ζm + ζ−1m ). In the same way as in the





− 2 log c
log p
.
Since [K:Q]=2, Lemma 3.1 shows that C(L) has a subgroup which is isomorphic to C(K)2.
This shows that





















if c2n ± a > c2p2. This completes the proof. 
Proof of Theorem 1.13. Let m = [(2n + 1)q]2 + 4, where q is an odd prime and n
is a positive integer. From the proof of Theorem 1.5, there exist infinitely many pairwise
prime integers m ∈ N1 ∪ N2. First assume that there exist infinitely many pairwise prime
integers m ∈ N2. Then Theorem 1.8 shows that there exist infinitely many pairwise prime
integers m ∈ N2 such that






Next assume that there exist infinitely many primes m. Then Theorem 1.8 shows that for
any given odd prime r , there exists a prime p such that p  r + 8 and






Let K = Q(ζp + ζ−1p ) and let L = Q(ζpr + ζ−1pr ). Consider the extension L/K . In this
extension any prime ideal over r is totally ramified. Class field theory shows that the norm
map from C(L) to C(K) is surjective. Hence we obtain








p2 − 8p + 16
2 log q
.







Repeating the same argument, we have that there exist infinitely many pairwise prime inte-
gers m′ ∈ N2 such that






Thus the theorem is proved. 
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